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The electronic structure of vortex states in superconducting graphene is studied within the Bogoliubov–
de Gennes theory applied to excitations near the Dirac point. We consider the subgap spectrum transformations
which occur with a change in the doping level. For an arbitrary vorticity and doping level we investigate the
problem of existence of zero-energy modes. The crossover to a Caroli–de Gennes–Matricon type of spectrum
is studied. Results of numerical computations are reported that illustrate the behavior of the spectrum with a
change in the doping level.
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I. INTRODUCTION

Recent exciting developments in transport experiments on
graphene1 have stimulated theoretical studies of possible su-
perconductivity phenomena in this material.2–5 Experimen-
tally, there are both hints toward intrinsic superconductivity6

and observations of proximity-induced superconductivity in
graphene layers.7 A number of unusual features of supercon-
ducting state have been predicted, which are closely related
to the Dirac-like spectrum of normal-state excitations. In par-
ticular, the unconventional normal electron dispersion has
been shown to result in a nontrivial modification of Andreev
reflection8 and Andreev bound states in Josephson junctions.9

In this paper we consider another generic problem illustrat-
ing the new physics of Andreev scattering processes in
graphene, namely, the electronic spectrum in the core of a
vortex that can presumably appear in graphene-driven super-
conducting either via intrinsic or induced mechanism in the
presence of magnetic field. The electronic vortex structure
for Dirac fermions has been previously studied in particle
physics for a situation equivalent to the zero doping limit in
graphene, when the Dirac point lies exactly at the Fermi
level. A number of important results have been obtained,
namely, the exact solutions for the zero-energy modes10,11

and the subgap spectrum for constant and linearly increasing
gap profiles within the vortex core.12 The problem of zero-
energy modes has been further addressed in Ref. 13 for
n-fold vortices in bilayer-graphene exciton condensate and in
Ref. 14 for singly quantized vortices in various condensate
phases described by the Dirac theory on a honeycomb lattice.

The energy spectrum is determined by the vortex winding
number �vorticity� n and labeled by the angular-momentum �
which is a conserved quantity for an axisymmetric vortex.
For zero doping the subgap spectrum consists of n zero-
energy states.10,11 The states with higher energies lie close to
the gap edge ���0�. Our goal here is to develop a theoretical
description of the electronic structure of multiquantum vor-
tices beyond the zero doping limit and study the transforma-
tion of the spectrum under the shift � in the Fermi level from
the Dirac point. We demonstrate that with an increase in
doping level � the distance between the energy levels de-
creases so that more and more states fill the subgap region.

The set of low-energy levels gradually transforms into a set
of n “spectrum branches” En

�i���� where i assumes n integer
values. If � is considered as a continuous parameter, these
n-energy branches cross the Fermi level15 as functions of �.
The detailed behavior of the energy spectrum as a function of
� crucially depends on the parity of the winding number. For
odd n there exists one branch, En

�0�, which intersects zero
energy at �=0. Its crossing point belongs to the spectrum,
thus resulting in an exact zero-energy mode. The crossing
points of other n−1 branches do not generally belong to the
spectrum for finite �; thus, these zero modes do not exist.
However, some of these n−1 zero-energy modes can appear
again for certain doping levels. For high-doping ���� ��0�,
they appear almost periodically with an increase in the
Fermi-momentum �kF= ��� /vF by a characteristic value �kF
�1 /	. Here 	 is a superconducting coherence length 	
=�vF /�0, and �0 is a homogeneous gap value far from the
vortex center. In a singly quantized vortex the energy spec-
trum for high doping is given by the Caroli–de Gennes–
Matricon �CdGM� expression similar to that for usual s-wave
superconductors.16 For an even winding number the crossing
points of all n branches do not generally belong to the spec-
trum if ��0. In this case the exact zero modes are absent.
Nevertheless, some of these zero-energy modes can appear
again for certain � in the way similar to the odd vorticity
case. For high doping, they appear periodically with increas-
ing �. Indeed, the energy branches cross the Fermi level at
certain momenta ��i��kF	. The zero modes appear when
these ��i� become integer �odd n� or half integer �even n� for
discrete equally spaced �due to equidistant energy levels�
values of the Fermi momentum. Because of the symmetry
with respect to the sign of energy �see below� the zero-
energy modes appear and disappear in pairs, for � and −�.

The paper is organized as follows. In Sec. II we briefly
discuss the basic equations used in our calculations. In Sec.
III we analyze the general properties of the zero-energy
modes and find the exact solution for the �=0 zero-energy
level in an odd-quantum vortex. In Sec. IV we consider the
large doping limit and derive the quasiclassical equations
describing the quantum mechanics of quasiparticles in super-
conducting graphene. We also use these equations to study
the vortex core states in the large � limit. In Sec. V we
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present our numerical results and compare them with the
analytical findings. We summarize our results in Sec. VI.

II. BASIC EQUATIONS

The Bogoliubov–de Gennes �BdG� equations in supercon-
ducting graphene for energies close to the Dirac points can
be written as two decoupled sets of four equations each.8

Assuming valley degeneracy, it is sufficient to consider only
one of these sets,

vF�̂ · �p̌ −
e

c
A�û + �v̂ = �E + ��û , �1�

− vF�̂ · �p̌ +
e

c
A�v̂ + ��û = �E − ��v̂ , �2�

known as “Dirac-BdG equations.”8,17 Here p̌=−i�� while
û= �u1 ,u2� and v̂= �v1 ,v2� are two-component wave func-
tions of electrons and holes in different valleys in the Bril-
louin zone18 �indices 1 and 2 denote two sublattices of the
honeycomb structure�. They form spinors in the pseudospin
space in which the Pauli matrices 
̂x, 
̂y, and 
̂z are defined;
we also introduce a vector �̂= �
̂x , 
̂y�. The energy is mea-
sured from the Fermi level. For zero doping, �=0, the Fermi
level lies exactly at the Dirac point. For a finite doping, the
Fermi level is shifted by ��0 upwards �electron doping� or
downwards ��0 �hole doping� from the Dirac point. The
doping level � is assumed to be much smaller than the band-
width D of the normal-state electronic spectrum such that the
coupling between the valleys can be ignored. Equations �1�
and �2� also disregard the effects of the true electronic spin
together with the Zeeman splitting of levels. For a homoge-
neous gap �=�0 and zero magnetic field the wave functions
take the form of plane waves û , v̂eip·r, and we obtain two
noninteracting energy branches E2=�0

2+ ���vFp�2, which
correspond to the pseudospin orientation parallel and antipar-
allel to the momentum direction, respectively.

For an axisymmetric n-quantum vortex one can choose
the gauge A�=0 and A�=A���� and put �= ������ein�, where
� ,� are cylindrical coordinates and the function A���� is
determined by the magnetic field profile. The resulting eigen-
states are labeled by a discrete angular-momentum quantum
number �,

�û

v̂
� = ei��−i
̂z�/2+i
̂z�/4� ein�/2Û���

e−in�/2V̂���
� . �3�

The extra factor e−i
̂z�/2 as compared to the usual BdG func-
tions u and v comes from the angular dependence of the
momentum operator in cylindrical coordinates,

p̌x � ip̌y = e�i���− i � /�� � �−1 � /��� .

After rotation of the coordinate system around the vortex
axis by the angle ��=2� the wave functions acquire the
phase-factor e2�i�+i��n−1�, as distinct from the standard
CdGM-factor e2�i�+i�n. Thus, the transformation properties
of the wave functions under rotation around the vortex axis
correspond to those for an s-wave superconductor with the

replacement n→n−1. The wave function should be single
valued, and this condition gives us a restriction on possible �
values. One can see that � should be half integer for even
vorticity n and integer for odd n in contrast to standard
s-wave superconductors.

III. GENERAL PROPERTIES OF ZERO ENERGY STATES

Equations �1� and �2� are invariant under the transforma-
tion

E → − E, i
̂yû
� → v̂, i
̂yv̂

� → − û . �4�

Thus, for arbitrary vorticity and doping level, a set of zero-
energy modes �ûi , v̂i� labeled by an index i satisfies10 v̂i
= i
̂yûj

�, ûi=−i
̂yv̂ j
�. This transformation couples the states

with opposite angular momenta. One can separate two types
of zero-energy solutions: �i� the eigenfunction components
transform into each other, i= j, which can be realized only
for �=0. �ii� There exists a pair of eigenfunctions i� j with
opposite ��0 coupled by the above transformation.

Consider solutions of the first type which can exist only
for an odd-quantum vortex. We put v̂= i
̂yû

� and find

	vF�̂ · �p̌ −
e

c
A� − �
û + i�
̂yû

� = 0. �5�

We look for the solution in the form û=����Û�0�, where Û�0�

satisfies Eq. �5� with �=0; � is a real function satisfying


̂xe
i
̂z�Û�0��vF�d�/d�� = 
̂yÛ

�0���� .

One can assume that the magnetic field in a thin graphene
layer is nearly homogeneous. As in the standard problem of
an electron in a homogeneous magnetic field, the normal-

state function Û�0� diverges at large distances � on the order
of the magnetic length LH=��c / �eH� due to the growing
vector potential A�=H� /2 except for a discrete set of �

= ��2�eH��vF
2k /c which correspond to the Landau energy

levels �see the Appendix�. However, similar to the case of the
usual superconductors, the superconducting velocity propor-
tional to A− ��c /2e���, with � being the order-parameter
phase, is finite in the vortex state due to the presence of the
vortex lattice. Therefore, this large-distance divergence is cut
off either at the intervortex distance �LH �flux lattice� or at
the magnetic field screening length �isolated vortex�. Since
the magnetic field near the vortex core is rather weak H
�Hc2 the magnetic length greatly exceeds the coherence
length, LH�	=�vF /�0. Therefore, for the states localized
near the vortex core at distances on the order of 	 we can
disregard the above-mentioned divergence and even neglect
the vector potential at all. In this way we obtain for ��0,

Û�0� = C�e−i�/4ei�n−1��/2J�n−1�/2�kF��

e+i�/4ei�n+1��/2J�n+1�/2�kF�� � ,

where C is a real constant, kF=� /�vF, and

���� = e−K���; K��� =
1

�vF
�

0

�

�������d��. �6�

For n=1 this coincides with the result of Ref. 14.
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To address the problem of the zero-energy solutions of the
second type for ��0 we note that the symmetry transforma-
tion �Eq. �4�� implies that under the transformation E→−E

and �→−� the functions Û and V̂ in Eq. �3� change accord-
ing to V2→U1 and V1→−U2. Therefore, for E=0, the func-
tions with opposite momenta coupled by Eq. �4� obey V2,�
=U1,−�, and V1,�=−U2,−�. Equations for U1 and U2 take the
form

� d

d�
−

N−

�
+

eA�

�c
�U1,� +

���
�vF

U1,−� =
�

�vF
U2,�, �7�

� d

d�
+

N+

�
−

eA�

�c
�U2,� +

���
�vF

U2,−� = −
�

�vF
U1,�. �8�

Here N�=�+ �n�1� /2 and A���� is the � component of the
vector potential. We multiply the first equation with U2,� and
the second one with U1,�. Next we do the same for the op-
posite sign of � and then add all the resulting equations to-
gether. We thus find

��
0

�

�U2,�
2 − U2,−�

2 − U1,�
2 + U1,−�

2 ��d�

= �vF�
0

� d

d�
���U1,�U2,� − U1,−�U2,−���d� . �9�

For a solution regular at the origin and decaying at �→� the
right-hand side �rhs� of Eq. �9� is zero and thus, the left-hand
side �lhs� of this equation also should vanish. One can see
that for ��0 and ��0, the lhs is nonzero in general. There-
fore, zero-energy levels do not generally exist.

To illustrate this we analyze the case of small � using the
perturbation theory. For �=0 the equation for U1 decouples
from that of U2. As follows from Ref. 10 for positive circu-
lation n�1, the functions U1,� are regular while U2,�=0 if
− 1

2 �n−1����
1
2 �n−1�. For negative circulation, the func-

tions U2,� are regular while U1,�=0 if 1
2 �n+1����− 1

2 �n
+1�. In total there exist �n� zero-energy levels. For small �
we can calculate the integral in the lhs of Eq. �9� using the
wave functions satisfying Eqs. �7� and �8� with �=0. Using
the results of Ref. 10 for n�0, one can check that U�

2−U−�
2 is

nonzero unless �=0. Therefore, there is no decaying solution
and, thus, there is no zero-energy level for small � and �
�0. However, the zero-energy levels may appear occasion-
ally for certain finite values of �, as it is shown below.

IV. QUASICLASSICAL APPROACH FOR LARGE
DOPING LEVELS

The limit of large � is very instructive and helps to get the
complete picture of the spectrum transformation. For the
analysis we follow a standard quasiclassical scheme �see
Ref. 20 for details� and introduce a momentum representa-
tion

���� = �2���−2� d2peip�/���p� ,

where p= p�cos �p , sin �p�. Let us transform the wave func-
tions so to choose the pseudospin quantization axis along the

direction of the momentum p: û= Ŝĝu, v̂= Ŝĝv, where

Ŝ = e−i�p
̂z/2�
̂z + 
̂x�/�2,

Ŝ+ = �
̂z + 
̂x�ei�p
̂z/2/�2.

Equations �1� and �2� take the form

�vF
̂zp − ��ĝu + ĥǍĝu + ĥ�̌ĝv = Eĝu, �10�

�� − vF
̂zp�ĝv + ĥǍĝv + ĥ
�̌

+
ĝu = Eĝv, �11�

where we define the operators

ĥ�̌ = Ŝ+�̌Ŝ, ĥ
�̌

+
= Ŝ+�̌+Ŝ ,

ĥǍ = − �evF/c�Ŝ+�̂ǍŜ .

Here Ǎ=A��̌� and �̌=���̌� are functions of the coordinate

operator �̌= i�� /�p. Generally, the operators ĥǍ and ĥ�̌ mix
the energy bands with opposite pseudospin orientations.
However, in the limit of large positive chemical-potential
���0 for the subgap spectrum one can adopt the single-
band approximation with a fixed pseudospin orientation


̂zĝu = ĝu = gu�1,0� ,


̂zĝv = ĝv = gv�1,0� .

The accuracy of such approximation can be determined us-
ing the second-order perturbation theory; the corresponding
corrections to the energy caused by the off-diagonal pseu-

dospin terms in ĥǍ and ĥ�̌ are

�EA � �	4/LH
4 ���0/kF	� ,

�E� � �0/�kF	�3.

These corrections are much smaller that the proper energy
scale �0 /kF	��0

2 /� for the subgap spectrum. One con-
cludes therefore that the single-band approximation is suffi-
cient for the case of large doping ���. The assumption of
large ��0 allows us to consider only the momenta close to
�kF. Thus, we put p=�kF+q ��q���kF� and perform a Fou-
rier transformation into the �s ,�p� representation

ḡ�p� = �gu

gv
� = kF

−1�
−�

+�

dse−iqs/�ḡ�s,�p� . �12�

We introduce here the vector ḡ and Pauli matrices �̄x , �̄y , �̄z in
electron-hole space.

A. Type I levels in an odd-quantum vortex

We start with an odd-quantum vortex and consider the
low-energy levels of the first kind which belong to the
anomalous energy-branch En

�0� crossing the Fermi level at �
=0. To find the solution for angular-momenta � /kF	�1 we
take the coordinate operator in the s ,�p representation
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r̂ = skF/kF + �kF � z0�, �̂�/�2kF
2�

where A ,B�=AB+BA is an anticommutator. For small

� /kF	�1 we can use a linear expansion of ĥǍ and ĥ�̌ in
terms of the angular-momentum operator �̌=−i� /��p

ĥA = −
eHvF

4ckF
e−i�p/2�̂,ei�p�e−i�p/2,

ĥ� =
�0f��s��

�s� 	sein�p −
i

4kF
�
k=0

n−1

ei�k−1/2��p

�ei�p,�̂,ei�p��ei�n−k−3/2��p
 .

Taking ḡ�s ,�p�=exp�i��p+ i�̄zn�p /2�F̄�s� and assuming a
small homogeneous magnetic field, we obtain

− i�vF�̄z
�F̄

�s
+ ���s��	 s

�s�
�̄x +

�n

�s�kF
�̄y
F̄ = E�F̄ , �13�

where E�=E+���c /2 and �c=eHvF /c�kF is the cyclotron
frequency. Considering the last term in the above Hamil-
tonian as a perturbation we find

En
�0� = − �	 n

IkF
�

0

� ���s��
s

e−2K�s�ds +
��c

2 
 , �14�

where I=�0
��2�s�ds while K�s� and ��s� are defined by Eq.

�6�. Equation �14� corresponds to the CdGM result16 with an
account of a magnetic field in the spirit of Ref. 19. Note that
� is an integer for odd-quantum vortex. Since � can now take
zero value, the spectrum has a zero-energy mode.

B. Type II levels for �Å0

The levels of both first and second types for any vorticity
n can be easily described in the limit of large ��1. In Eqs.
�10� and �11� we can then replace the angular-momentum
operator by a classical continuous variable. Instead of Eq.
�13� we get the Andreev equations along the rectilinear qua-
siclassical trajectories

	− i�vF�̄z
�

�s
+

��ckFb

2
+ D̄��� − E
ḡ�s,�p� = 0, �15�

where D̄= �̄x Re ����− �̄y Im ����, b=−� /kF is the trajectory
impact parameter, and the position vector on the trajectory is

� = �s cos �p − b sin �p,s sin �p + b cos �p� .

Equation �15� describes the quasiparticle states in an arbi-
trary gap profile. For the particular case of a multiquantum
vortex the gap operator in Eq. �15� takes the form

���� = ����s2 + b2��	 s + ib
�s2 + b2
n

ein�p.

The total wave function should be single valued. The appro-
priate Bohr-Sommerfeld quantization rule reads

kF�
0

2�

b��p�d�p = 2�m + ��n − 1� ,

where m is an integer. The last term accounts for all the

phase factors that appear in Ŝ and ĝ. As a result, the angular-
momentum � should be integer or half integer for odd and
even vorticity, respectively. This agrees with the conditions
imposed by Eq. �3�.

For �E���0 the solution of corresponding Andreev equa-
tions is known to give �n� anomalous energy-branches En

�i��b�
crossing zero energy as functions of continuous parameter b
�see Refs. 15 and 20 and references therein�. The analytical
expressions describing these branches in the region E��0
are determined by20

En
��� =

�
0

�

�GI
����s� − 2�GR

����s�arctan s
b�e−2K��s�ds

�
0

�

e−2K��s�ds

+
��ckFb

2
,

�16�

where

K��s� =
1

�vF
�

0

s

GR
����t�dt , �17�

GR
��� = ����s2 + b2��Re�	 s + ib

�s2 + b2
n−2�� , �18�

GI
��� = ����s2 + b2��Im�	 s + ib

�s2 + b2
n−2�� . �19�

For n�0 �n�0� the values of � are such that ��0 ��
�0� and n−2� is an odd positive �negative� integer. The
term with arctan�s /b� in Eq. �16� has a discontinuity at b
=0. Therefore, there are two different branches of the energy
spectrum for each ��0, which yields total �n� energy
branches crossing zero as functions of b.

Especially simple expression is obtained for a singly
quantized vortex �n=1� if we assume the order parameter in
the form ��r�=�0r /�r2+	2. With �=0 we get an explicit
expression for the CdGM spectrum,

E1
�0� =

�0b
�b2 + 	2

K0�2��b/	�2 + 1�

K1�2��b/	�2 + 1�
, �20�

where Km is the McDonald function.
Equation �16� for the anomalous branches at low energies

take the form E����b���0�b−b�� /	, where −	�b��	. For
the branches with bi�0 the change in the Fermi momentum
is accompanied by the flow of the eigenvalues through the
Fermi level: the energy levels cross it by pairs at discrete
values kF= �� /b��. For �→0, expression �16� describing the
branch crossing the Fermi level at zero impact parameter
�levels of the first kind� transforms into Eq. �14�. In general,
Eq. �16� provides a good approximation for the spectrum for

KHAYMOVICH et al. PHYSICAL REVIEW B 79, 224506 �2009�

224506-4



all branches and impact parameters as can be seen from the
numerical results discussed in the next section.

V. NUMERICAL RESULTS

The above analytical considerations are in excellent
agreement with our numerical calculations. We choose the
vortex position at the disk center and approximate the gap
function of n-quantum vortex by the expression

���� = �0ein�	 �

��2 + 	2
n

.

In principle, the gap-profile ������ has to be calculated self-
consistently. These calculations will be done elsewhere. The
self-consistency procedure will result, of course, in some
modifications of the gap profile. For example, vortex core
shrinking and Friedel-type oscillations in the pair potential
may appear in a way similar to the results known for stan-
dard superconductors �see, e.g., Ref. 21�. However, the shape
of the gap profile is known to affect only slightly the quasi-
particle energies; it does not change the key features of the
vortex core states which are controlled by the vortex
topology.15 Therefore, the adopted approximation is expected
to closely reproduce the true core spectrum and the wave
functions.

For numerical solution, Eqs. �1� and �2� are expanded in
the basis of eigenfunctions of a normal graphene disk of
radius R. We are not interested here in the effect of bound-
aries on the subgap spectrum and thus, for the sake of sim-
plicity we use the conditions of zero current through the disk
boundary in the following form:

u1�R� = 0, v1�R� = 0. �21�

To suppress the influence of the boundary conditions the ra-
dius R is taken much larger than the eigenfunction decay
length in the superconducting phase, i.e., the coherence-
length 	. Note that for the sake of simplicity we also ne-
glected the small corrections to the spectrum associated with
the finite magnetic field. The electronic and hole normal-
state eigenfunctions satisfying the above boundary condi-
tions take the form

Û�,p
e  Ûme,p

�0� ���, V̂�,p
e = 0, �22�

Û�,p
h = 0, V̂�,p

h  Ûmh,p
�0� ��� , �23�

where

Ûm,p
�0� ��� = � Jm�kp

m��
− Jm+1�kp

m��
� ,

m is either me or mh, me,h=�− �1�n� /2, and kp
mR are the p-th

zeros of the Bessel function Jm�x�. In a finite-size disk the
basis also includes electronic and hole functions �22� and
�23� with

Ûm,0
�0� ��� = � 0

�−m−1 � ,

which is finite at the origin for me,h�−1, respectively, and
correspond to k0

me,h =0. For numerical diagonalization the ma-
trix is truncated keeping the number of eigenstates larger
than 10R /	.

The calculations carried out for zero-doping level �=0
give us the zero-energy mode in a singly quantized vortex
�see Fig. 1�. All other subgap levels in this case appear to be
very close to the gap value in a qualitative agreement with
the model calculations12 based on the assumption of the con-
stant profile of the gap-function ������=�0. Shown in Fig. 2
are typical energy spectra for singly and doubly quantized

−15 −10 −5 0 5 10 15
−1

0

1

E
/∆

0

ν

FIG. 1. �Color online� The subgap spectrum vs the angular mo-
mentum � for a singly quantized vortex at zero-doping level. We
choose here R /	=100.

−30 −15 0 15 30
−1

0

1

ν

E
/∆

0

(a)

−30 −15 0 15 30
−1

0

1

ν

E
/∆

0

(b)

FIG. 2. �Color online� The subgap spectrum vs the angular-
momentum � for singly �a� and doubly �b� quantized vortices in
superconducting graphene with different doping levels: � /�0=1
�circles� and � /�0=10 �squares�. The quasiclassical solutions �Eq.
�16�� for �c→0 are shown by solid lines �dashed parts of lines are
guides for the eyes�. We choose here R /	=100.
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vortices calculated for different doping levels. In Fig. 3 we
present the spectral branches for a vortex with the winding
number n=3. Spectrum consists of anomalous branches
crossing zero of energy and branches lying close to the gap
edges. Figures 2 and 3 clearly demonstrate the difference
between odd and even vorticities. Figure 2�a� illustrates also
a crossover to a spectrum of the CdGM type with increasing
doping level. For large � all anomalous branches for differ-
ent vorticities are well described by the quasiclassical Eq.
�16� obtained in Ref. 20.

VI. CONCLUSIONS

In an s-wave superconducting graphene the subgap spec-
trum in a vortex core has a set of energy branches that cross
Fermi level as functions of � treated as a continuous param-
eter. The number of the branches is determined by the vortex
winding number n. Whether the crossing points of these
branches with zero belong to the energy states or not depends
on the parity of the vortex and on the doping level �. For a
degenerate case �=0 there are �n� zero-energy levels, i.e., all
crossing points belong to the spectrum. If the doping level �
is increased, the spectrum transformation depends strongly
on the parity of the vortex. �i� For an odd winding number
one of the zero-energy modes �type I mode�, i.e., that with
�=0, survives with an increase in �. The other �n�−1 �i.e.,
even number of� levels split-off zero with increasing � �type
II modes�. �ii� For even-quantum vortex, all �n� levels belong
to the second type and splitoff zero. In general, the zero-
energy modes of the second type can appear or disappear
with the change in � and may exist only in pairs. Finally, we
recall that � is much smaller than the bandwidth D. The
valley symmetry implied in Eqs. �1� and �2� results, of
course, in a twofold degeneracy of the energy levels. If � is
increased up to much higher values �D this degeneracy is
lifted and the zero modes can be split.14 Also, Eqs. �1� and
�2� ignore the effects of true electronic spin which would
result in a standard Zeeman splitting of all energy
levels.11,14,19
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APPENDIX: NORMAL STATE IN A HOMOGENEOUS
MAGNETIC FIELD

Let us consider a homogeneous magnetic field along the z
axis: H=z0H. We choose the gauge A�=H� /2. Equation �5�
in the normal-state,

	vF�̂ · �p̌ −
e

c
A� − �
Û�0� = 0,

has a general solution

Û�0� = Cei/2n�−i/2
̂z��+�/2�t�n−
̂z�/2e−t2/4 · f̂�t� , �A1�

Here t=� /LH, LH=��c / �eH� is the magnetic length, n is an
odd integer, and

f̂�t� = �A1M�a1,b1,t2/2�
A2M�a2,b2,t2/2�

� .

We put

a1,2 =
1

4
��n � 1� + 2 − �n � 1�sign�eH� − 2�̃2� ,

b1,2 =
1

2
��n � 1�� + 1,

�̃=�LH /�vF, and

A2 = − A1 sign�n���2�̃/��n� + 1��sign�n�.

M�a ,b ,z� is the confluent hypergeometric function of the
first kind, i.e., Kummer’s function �see Ref. 22�, and C is a
constant.

The leading term in the asymptotic expansion of the func-

tion f̂ at large distances is

f̂�t → �� = et2/2�A1
��b1�
��a1�� t2

2
�a1−b1

A2
��b2�
��a2�� t2

2
�a2−b2� , �A2�

where � is the Gamma function. For a1,2=−k1,2 �where k1,2
�0 are integers� this term vanishes since the functions

��a1,2� have poles. As a result, the solution Û�0� decays at
�→�. This condition yields the well-known Landau levels23

for Dirac electrons with zero mass, i.e., for Eq. �5� with
�=0: �̃= ��2k, where k=0,1 ,2. . ..
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FIG. 3. �Color online� The subgap spectrum vs the angular mo-
mentum � for a vortex with n=3. The quasiclassical analytical so-
lutions �Eq. �16�� for �c→0 are shown by solid lines. We choose
here R /	=100 and � /�0=5.
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